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Abstract— Fuzzy Cognitive Maps have been widely used for 
modeling complex systems but time and evolution of the system 
has not sufficiently been illustrated and taken into consideration 
within the FCM model. Time is a substantial aspect for any 
application because factors determining the behavior of the 
system evolve over time; they affect and change the route of any 
evolution of the system. This work further explains and justifies 
Timed Fuzzy Cognitive Maps (T-FCMs), an extension of the 
known soft computing technique of FCMs that can handle 
uncertainty to infer a result. T-FCM has been introduced to take 
into consideration the time evolution of any system and it 
provides intermediate modeling results. This work also 
introduces the combination of T-FCMs with Hidden Markov 
Model (HMM) to create an integrated system which always reach 
a decision, as HMM are called in the case that T-FCM do not 
converge to an acceptable state and HMM suggests the most 
probable state (decision-concept). 

Keywords— Timed-Fuzzy Cognitive Maps; Hidden Markov 
Model; Soft Computing; modeling; Decision Support Systems 

I.  INTRODUCTION  

Nowadays systems are characterized by high complexity. 
This results from the fact that they should be more complex in 
order to approximate better real world systems. Real world 
problems consist of many and various factors that can be 
complementary, contradictory and competitive. Decision 
Support Systems can provide assistance during the process of 
decision making, which involves the comparison and selection 
of the best (or optimal) decision. FCMs have been used 
successfully to develop Decision Support Systems (DSS). The 
major advantage of FCMs is that they can handle even 
incomplete or conflicting information. This is essential in 
almost any field, where experts should take many factors 
under consideration before they can reach a decision. 

Fuzzy Cognitive Map (FCM) is a soft computing modeling 
technique for complex systems, which originated from the 
combination of Fuzzy Logic and Neural Networks. It was 
introduced [1] as an extension to Cognitive Maps [2] They are 
a graphical representation for the description and modeling of 

the behavior and operation of a system. FCM supports the 
causal knowledge reasoning process and belongs to neuro-
fuzzy systems that aim at solving decision making and 
modeling problems. FCM resembles human reasoning; it 
relies on the human expert knowledge for a domain, making 
associations along generalized relationships between domain 
descriptors concepts and conclusions. It models any real world 
system as a collection of concepts and causal relations 
between concepts [3]. 

The graphical representation consists of interrelated 
concepts. FCMs are dynamical, fuzzy signed directed graphs, 
permitting feedback, where the weighted edge wij from causal 
concept Ci to affected concept Cj describes the amount by 
which the first concept influences the latter, as is illustrated in 
Fig. 1. Experts design and develop the structure of the system, 
including the nodes that represent the key factors of the 
system operation. They determine the way of network’s 
interconnections, using linguistic variables to describe the 
relationships among concepts. Then all the variables are 
combined and the weights are determined. Learning methods 
and historical data lead to an equilibrium point [4], [5]. 

 

Fig. 1. The Fuzzy Cognitive Map model 

FCMs have been applied to various fields. They have been 
used to model and simulate many problems that require 
decision making or classification or prediction/checking of 
scenarios. Thus, many extensions of the basic FCM model and 
combinations with other technologies are used in order to 
better approximate real world problems [6]. Until now, the 
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concept of time has been used in limited cases [7], [8], [9]. For 
many fields, time is a vital concept for the evolution of a case. 
In the medical field, for example, time can change the final 
result in any given moment. For this reason, T-FCM tries to 
insert the concept of time and base the evolution of a case on 
previous time units. Also, it lets the user intervene on the 
overall procedure, by changing values during the time units, 
while the intermediate results illustrate the evolution of a case 
during the time. 

In this work, section two presents an overview of Timed-
Fuzzy Cognitive Maps, which is further explained and 
justified and it introduces a detailed designing and learning 
methodology. Section three proposed an integrated system 
based on the synergy of Hidden Markov Models (HMMs) with 
T-FCMs, which is used for the cases that the model does not 
conclude to a clear decision. Section four concludes the paper   
and proposes future directions.    

II. TIMED-FUZZY COGNITIVE MAP 

A. Timed-FCM Design  

Timed-FCMs have been introduced in works [10] and [11].  
The block diagram presented at Fig.2 describes the main steps 
that should be followed in order to design a T-FCM 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. Block diagram of T-FCM design 

As in most of the cases of Soft Computing approaches, the 
T-FCM design and construction demands expert interference. 
However, the gathering of concepts for creation a model 
requires extensive professional experience, literature review, 
long time detailed observation so that to include each and 
every source that would appeared and/or could possibly be 
seen. The model can incorporate the information of various 
sources. The validity of each source is determined by 

introducing and determining a corresponding credibility 
factor. Thus, the concepts are gathered into groups according 
to their origin, i.e. if a concept originates from literature this 
will belong to the group with the highest credibility value, 
while if it comes from an observation of a non-professional 
will belong to group with the lowest credibility value. In this 
way, the concepts will be extra-weighed according to their 
origin and the suitable importance will be given to the 
participating concepts. 

In the next step, experts will define the time unit for every 
concept evaluating the ability of the smallest change. Taking 
into account even the smallest change, it will be able to follow 
the real evolution of a case. Afterwards, experts have to define 
the additional parameters/characteristics where every 
combination of parameters corresponds to a unique 
case/model and actually develops a unique modified version 
of the FCM. These parameters are exterior factors that may 
seem not affecting the overall procedure, but they are 
substantial for characterizing a case and define the changes 
over time. The values of parameters, γp, are binary and 
characterize if a parameter is activated or not. However, even 
if these parameters lead to a more specified model, they also 
increase the complexity of the method. This means that there 
are 2p different cases/situations, which correspond to their own 
FCM model and their evaluation over time. Table 1 illustrates 
the possible situations. 

TABLE I.  DISCRIMINATION PARAMETER 

Discrimination 
parameter 

Additional Parameters 
(γ1,γ2,…..γp) 

m0 000….0 

m1 100….0 

m2 010….0 

m… 111.....1 

 

The final steps demand the definition of interconnection 
weights for each discrimination parameter mk and for each 
time unit.  

The main steps of the algorithm for constructing a T-FCM 
[10] and [11] are summarized to the following: 

 

Step 1: Concepts are gathered determined by 
experts and other sources. 

Step 2: Concepts are grouped according to their 
origin.  

Step 3: Credibility weight values are assigned for 
each group –based on their experience. 

Step 4: Experts determine time unit. Time unit will 
be the smallest time that evens a small change at a 
concept value could take place. That is the time 
required when starting from an initial state (St ) to 

Concept definition & 
separation (factor- decision) 

Group factor-concepts 
according to their source 

Credibility value insertion to 
each group of concepts 

 

Time Unit determination 

Determine discrimination 
factor (additional parameters) 

wCiCj (linguistically)  wCiCj 

(numerical) 

Define interconnections for 
each discrimination factor 
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transient to a new one  (Snew)  state. 

Step 5: Experts determine the values of additional 
parameters that correspond to unique cases. 

Step 6: Experts will define weights per time unit 
linguistically. They determine the weight between 
two concepts (wCiCj) linguistically, all the linguistic 
values corresponding one interconnection are   
aggregated, an overall fuzzy weight is produced 
which is then transformed into a numerical value, 
using fuzzy logic based approaches.  

 

         wCiCj (linguistically)  wCiCj (numerical)  

 

This procedure is repeated for each possible 
activated discrimination factor m in Eq. (1) 

 

0 1 0 2 0 1 1

1 1 2

, , , , , , , , , ,

, , , , , , , ,

[ , , ..., , , ...,

              , , , ..., ]
n

n n n n n

m t ij m t ij m t ij m t ij m t ij

m t ij m t ij m t ij m t ij

w w w w w

w w w w

=

 

                                                                              (1) 

and each wγ,t,ij ∈ [-1,1] 

This procedure will define for each discrimination 
factor the corresponding interconnections among 
the FCM’s concepts. 

Step 7:  for mk= m0 or m1, or… mk and for t= 
t0,t1,….tn  the interconnections dt

m,t,ij
  among 

concepts  will be dependent on the  weight, case m 
and the corresponding time unit. Thus, for a time 
unit the weighted interconnection between two 
concepts will be given by equation (2): 

, , , ,

1

( ) ( , , , , )
k ij k ij

j N
t t
m t w m t w k i j

i j
j

d f d f w m t C C
=

≠
=

= =

                                                                              (2) 
 

 

Apart from the T-FCM construction, the training of the T-
FCM so that to better modify the weights is required along 
with taking into consideration the FCM convergence.  

T-FCM main aspect is the introduction of time for the 
evolution of  case/model so that T-FCM create more efficient 
models that could be used for various applications. The 
selection of time unit is determined by the experts and has to 
correspond to the specific application. The construction of the 
T-FCM model includes determining the concepts, weight-
interconnections, time unit and discrimination factor by 
experts.  

B. Timed-FCM Learning 

A learning approach of the model is proposed which is 
based on known FCM training approached but with some new 
enhancements so that to take into account the time unit and the 
individual characteristics of the case/model under 
investigation. Thus, in T-FCM model we insert the aspect of 
time in the calculation of the next concept value and this time 
unit plays a significant role during the training. 

Specifically, the value Ai of the concept Ci expresses the 
degree of its corresponding physical value at each simulation 
step, the value Ai of a concept Ci is calculated by computing 
the influence of other concepts Cj’s on the specific concept Ci 
on a specific time unit for a specific discrimination factor 
combinations following the calculation rule (3): 

1
1

, ,
1

1

( ) ( 1) ( 1) ),
ij

t n
k k k t
i i j m t w

t j i
j

A t f A t A t d m
−

+

= ≠
=

 
 = − + −  
 

   (3) 

where Ai
k+1 (t) is the value of concept Ci  at simulation step 

k+1 for a time unit, Aj
k(t-1) the value of the interconnected 

concept Cj at simulation step k, dt
m,t,ij

 is the weight of the 
interconnection between concept Cj and  Ci for the 
discrimination factor m , and f is a sigmoid threshold function: 

                        
,

1

1
xe

f λ−+
=

                                   (4) 

where λ>0 is a parameter that determines its steepness 

For a case m=m0, there are calculated the corresponding 
values for a specific case and they would be constant during 
the overall procedure. This value is a combination of binary 
values which is determined based on the discrimination 
parameter and is activated by the user. The final value of m 
renders the under investigation case (m0 ) as unique. The value 
of m will determine the evolution of the model for m=m0. This 
results from the fact that m takes value in the initial state of 
procedure and individualizes each case-study.  

After the determination of the discrimination parameter the 
T-FCM training stage follows. The convergence of T-FCM 
will result either to a steady-state which will give a ‘clear’ 
value or an infinitive loop without equilibrium point. Whether 
we have a clear decision or not is also determined by what is 
defined as accepted by the users. This means that the user 
should define the value of DecisionDistanceΔ , which depicts the 

sufficient distance among all the decision concepts in order to 
regard a decision as an acceptable one or not. In case that the 
learning does not result to an acceptable one or the learning 
method does not reach to equilibrium point HMM can be used.  
Using HMM model, the integrated model will infer a final 
result which will be based on probabilities. 

The main steps for T-FCM learning are summarized to the 
following algorithm: 
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Step 1: User sets the initial values of additional 
parameters, so that the under investigation case be 
defined. 

Step 2: Start state (A0). For i =1,…N  expert 
characterizes linguistically the initial value of  
every concept. 

 0 0( )iA C t=   

 

Step 3:  For t=1,…,N  the value Ai  of the concept 
Ci  for a specific discrimination factor m=m0 at k+1 
step is calculated using  (3) 

Step 4: Start simulation running per time unit, 
presenting the result for each time span. The 
defined time unit is taken into consideration for 
each application and field. This means that the 
results per time unit are adaptable on each change 
and influence, eliminating the case of wrong 
decision. 

Step 5: The simulation will stop when the values of 
the Decision Concepts that correspond to the 
possible decisions will have sufficient difference 
between them. This difference depends on the 
nature of problem and the required decision-
making procedure. A decision will be acceptable if 
the distance among decision concepts will be 
greater than a pre-defined as acceptable value (e) 

                           | |DecisionDistance eΔ ≥   

Step 6: If ΔDecisionDistance is not under the acceptable 
range or the overall procedure results in a infinitive 
loop without a clear decision, then Hidden Markov 
Model (HMM) have to be called in order to provide 
more information and support the selection of 
reaching a decision. 
 

 

The calculation procedure provides intermediate results. 
For each time unit, the T-FCM gives a result based on the 
initial state that the user has inserted.  The user can change the 
values of concepts for each time unit, if s/he justifies as 
necessary because a state has change unexpectedly. During 
this procedure the user can interfere on the results by 
increasing or eliminating or removing concepts and as result 
interconnections, rendering the system a dynamic one. It 
allows the change, increase, decrease or elimination of some 
interconnections. 

However, it is possible that the system may not to 
converge to a ‘clear’ decision [12]. For this occasion, Hidden 
Markov Models (HMMs) is called so that to select among the 
T-FCM decision concepts and give the most possible final 
result.   

III. SYNERGY OF T-FCM AND HMM IN CONVERGENCE 

PROCEDURE 

Hidden Markov Models (HMMs) are well-known for their 
effectiveness in modeling the correlations among adjacent 
symbols, domains, or events, and they have been extensively 
used in various fields, especially in speech recognition [13], 
digital signal processing and telecommunications. HMM can 
be viewed as a specific instance of the state space model in 
which the latent variables are states [14]. HMMs were 
introduced by Baum et al. [15],  where they were viewed as 
statistical models and could be considered as a Markov model 
whose states cannot be explicitly observed. However, HMMs 
has been applied to various fields apart from speech 
recognition [16]. They have been used for speech synthesis 
[17], machine translation [18], activity recognition [19] and 
for many other applications. 

In this work, we introduce the use of HMMs in 
combination with T-FCM. The HMM will be called in the 
occasion of non-convergence of the T-FCM model or when 
the difference between the values of decisions concepts is not 
sufficient to identify the winning concept. If the results do not 
show a clear decision, HMMs are called in order to calculate 
the probability of the observation sequence given the T-FCM 
model. This method will lead to select the most probable 
decision when it is hard to reach one clear decision, based on 
the basic FCM procedure [3],[20] and [21].  

HMMs have been used for various cases and applications 
and they are well-known for solving three basic problems 
[22]:  evaluation problems, decoding problems and learning 
problems. 

Consider the N state discrete model with M possible 
outputs. Formally, an HMM is defined by the following 
parameters: 

1. Finite set of N hidden states: S= {S1;S2;…;SN} 

2. Distinct observation symbols per state, can be seen as 
physical output of the system;           

{ }1 2, , , MV V V V= …          
3. The transition matrix ‘A’, represents the probability 

of going from state Si to state Sj;   

                  

{ }
[ ]1

1

  ;  1, ,

,  1   ,    

 0

|

1   

ij

ij t t i

ij

N

ij
j

A a j N

a P q Sj q S i j N

with a n aa d
=

+

= = …

=

=

= = ≤ ≤



   

4. The initial state probability vector ‘π’, represents 
probabilities of initial states;  

{ }
[ ]
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5. Observation symbol probability distribution matrix 
‘B’, represents the probability of producing 
observation k at time t in state Si;  

         

( ){ }
( ) [      | ]    1, 2,...,

                            

  

                 

 

 

 

   1, 2,...,

t t

j t k t j

B b

b O P V at t q S j N

k N

j O O k

= = =

=

= =

  

 
Here, we will apply the known as second type of problem, 

that is, the decoding problem. It can be described as: Given a 
model λ and a sequence of observations O=O1 ,O2 ,…,ON  , 
what is the most likely state sequence in the model that 
produced the observations?  

We propose to apply HMMs when FCM has reached its 
finite state, but the distance among the decision concepts is not 
enough distinct to determine the winning concept. In this case, 
HMM will take action in order to indicate the most probable 
state. Using Hidden Markov Models, the system will select the 
most probable state given the T-FCM model and the sequence 
of observations. The sequence of observations O=O1 ,O2 

,…,ON  set to be the concepts-factors at the time that system 
has reached to the final  state. The result of this action will 
give us the most probable state sequence (decision-concept) 
that could come from the given observation sequences. 

IV. CONCLUSION 

In this work, we describe in detail how the T-FCM model 
is built, which takes into consideration the aspect of time in 
modeling a system. Time is essential for many problems in 
order to approximate better real situations. Timed-FCM takes 
into consideration the evolution of a case, inserting parameters 
that makes the model case-sensitive and developing a model 
for each case-study unique. The combination of these 
parameters is determined and indicated by the discrimination 
factor. The construction of T-FCM is mainly based on the 
discrimination factor, which can route to the various evolution 
of a problem. Timed-FCM incorporates the time by 
determining, in each time step, the dependence of time among 
the concepts and quantifying this dependence. The described 
method gives the opportunity to make a transparent and 
dynamic system, that could be changed by the user at each 
time step. Also, its initial state (case) is determining by the 
user who sets and determines the exterior parameters of the 
problem according to the under-investigation case. T-FCM 
generates intermediate results corresponding to the time units 
and the evolution of the system. This lets the user to judge the 
result and change the selection of parameters if it is necessary. 

However, the proposed method (T-FCM) may conclude to 
a non-convergent state in which no ‘clear’ decision can be 
made from the existing results. For overcoming this situation, 
this work also proposes the combination of T-FCMs with the 
HMM. In this way, T-FCMs are combined with HMM in 
order to suggest a decision based on a probabilistic approach. 
This method will propose the most probable decision-concept 
based on the observation states (concept-factor values) at their 
last steady state. This combination will always lead to a 

decision, even if the T-FCM did not manage to reach a clear-
acceptable one.  

In future work, we will further enhance the proposed 
method and we implement it to develop a Medical Decision 
Support System, which would be an assistant tool for the 
medical doctors as a diagnosis  tool. 
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